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CLOAKING DUE TO ANOMALOUS LOCALIZED RESONANCE IN
PLASMONIC STRUCTURES OF CONFOCAL ELLIPSES∗
DAEWON CHUNG† , HYEONBAE KANG† , KYOUNGSUN KIM† , AND HYUNDAE LEE†
Abstract. If a core of dielectric material is coated by a plasmonic structure of negative dielectric
material with non-zero loss parameter, then anomalous localized resonance may occur as the loss
parameter tends to zero and the source outside the structure can be cloaked. It has been proved that
the cloaking due to anomalous localized resonance (CALR) takes place for structures of concentric
disks and the critical radius inside which the sources are cloaked has been computed. In this paper,
it is proved that CALR takes place for structures of confocal ellipses and the critical elliptic radii
are computed. The method of this paper uses the spectral analysis of the Neumann-Poincare´ type
operator associated with two interfaces (the boundaries of the core and the shell).
AMS subject classifications. 35R30, 35B30
Key words. anomalous localized resonance, plasmonic materials, quasi-static cloaking, Neumann-
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1. Introduction. We begin by defining the problem of the cloaking by anoma-
lous localized resonance (CALR). Let D and Ω be bounded domains in Rd (d = 2, 3)
such that D ⊂ Ω, and for a parameter δ > 0 let
ǫδ =


1 in Rd \Ω ,
−1 + iδ in Ω \D ,
1 in D .
(1.1)
The number δ is a loss parameter and ǫδ represents the permittivity distribution. So,
the configuration is regarded as a core D with permittivity 1 coated by the shell Ω\D
with permittivity −1 + iδ. For a given compactly supported function f satisfying∫
Rd
f dx = 0 , (1.2)
we consider the following dielectric problem:
∇ · ǫδ∇Vδ = f in R2 , (1.3)
with the decay condition Vδ(x) → 0 as |x| → ∞. The condition (1.2) represents
conservation of charge and is required for the existence of the solution to (1.3) (with
the decay condition). Let
Eδ := ℑ
∫
Rd
ǫδ|∇Vδ|2 dx =
∫
Ω\D
δ|∇Vδ|2 dx (1.4)
(ℑ for the imaginary part), which approximately represents in quasistatic regime the
time averaged electromagnetic power produced by the source dissipated into heat (see
[2]).
The problem of CALR is to characterize the source f such that the following two
conditions are satisfied:
lim
δ→0
Eδ =∞ as δ → 0 , (1.5)
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and Vδ/
√
Eδ goes to zero outside some radius a, as δ → 0:
|Vδ(x)/
√
Eδ| → 0 as δ → 0 when |x| > a. (1.6)
A few words on the term CALR would be helpful. The condition (1.5) is of spectral
nature on which we discuss in the next section. It also reflects that the solution Vδ
oscillates very rapidly as δ tends to zero. As shown in [10, 11], the oscillation takes
places near the interfaces ∂Ω and ∂D. For this reason, this phenomenon is called the
anomalous localized resonance. Its connection to the cloaking can be explained as
follows. The condition (1.5) implies that an infinite amount of energy dissipated per
unit time in the limit δ → 0 which is unphysical. So, if we scale the solution Vδ by the
factor of 1/
√
Eδ so that the energy dissipation becomes one independent of δ, then
according to (1.6) the new solution approaches zero as δ → 0. So, the effect of the
source becomes negligible, in other words, the source is essentially invisible. We also
say that the weak CALR occurs if
lim sup
δ→0
Eδ =∞, (1.7)
and the limit in (1.6) is replaced by limsup. It is worth mentioning that it is not
known whether there is a source f for which only the weak CALR, not CALR, takes
place.
The phenomena of anomolous localized resonance was discovered by Nicorovici,
McPhedran and Milton [11] and is related to invisibility cloaking [10]. It is also
related to superlenses since, as shown in [11], the anomalous resonance can create
apparent point sources which look like mirror images. For these connections and
further developments on CALR, and for connections to cloaking due to complementary
media, we refer to references cited in [2].
It has been shown in a recent paper [1] that the condition (1.5) (or (1.7)) can be
characterized in terms of the spectrum of the Neumann-Poincare´ type (NP) operator
associated with the double interfaces ∂D and ∂Ω of the equation (1.3). This operator
is a generalization of the classical NP operator associated with a single interface (see
the next section). The spectral characterization is then applied to show, in particular,
that if D and Ω are concentric disks in R2 of radii ri and re, respectively, then there
is a critical radius
r∗ =
√
r3e/ri (1.8)
such that for any source f supported outside r∗ CALR does not occur, and for sources
f supported inside weak CALR takes place. Furthermore, it is proved that if the
Newtonian potential of the source satisfies an additional mild condition on its Fourier
coefficients, then CALR takes place. The critical radius r∗ was also found in [10].
These results were extended in [9] to the case when the core D is not radial by a
different method based on a variational approach. There the source f is assumed to
be supported on circles. The spectral approach was also applied to the case when the
permittivity of the core is different from 1 [3]. In the same paper it is proved that
if D and Ω are concentric balls in R3, CALR does not occur. Such a discrepancy in
two and three dimensions comes from the difference of the convergence rate of the
eigenvalues of the NP operators associated with the structure. In 2D, they converge
to 0 exponentially fast, but in 3D they converge only at the rate of 1/n. The absence
of CALR in such coated sphere geometries is also linked with the absence of perfect
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plasmon waves: see the appendix in [9]. On the other hand, it is proved in [2] that
it is possible to make CALR occur in three dimensional spherical structure by using
a shell with a specially designed anisotropic dielectric constant. The constant is
designed using the folded geometry. It is worth mentioning that CALR is known to
occur in a slab geometry in three dimensions [10]. See also [5, 12].
The circular structure seems the only known coated structure where CALR occurs,
and it is of interest to find such a structure other than circular one. The purpose of
this paper is to prove that if D and Ω are confocal ellipses, then CALR takes place.
It is proved that like the circular case there is a critical elliptic radius (the elliptic
radius is the radius in elliptic coordinates) such that for sources supported inside the
radius CALR occurs, and it does not for sources supported outside the radius. We
emphasize that the critical elliptic radius differs depending of elliptic radii of D and
Ω: if ρi and ρe are the elliptic radii of D and Ω, respectively, then the critical radius
is (3ρe − ρi)/2 if the shell is thin so that ρe ≤ 3ρi, and it is 2(ρe − ρi) if ρe > 3ρi.
(See Theorem 4.1.) This discrepancy comes from the difference of the asymptotic
behavior of the eigenvalues of the NP operator. It is interesting to observe that if we
put ρe = ln re and ρi = ln ri, then (3ρe−ρi)/2 = ln
√
r3e/ri, so the thin case is similar
to the circular case. It is also interesting that the critical elliptic radius does not
depend on the eccentricity of the ellipses, it only depends on the ratio of the elliptic
radii.
To prove the main result of this paper we use the spectral approach developed
in [1]. Based on computations of the NP operator on ellipses in [4], we are able to
compute eigenvalues and eigenfunctions of the NP operator associated with confocal
ellipses. We then prove Theorem 4.1 by adapting arguments similar to the circular
case.
This paper is organized as follows. In section 2, we make a brief survey on spectral
theory of the NP operator and review the spectral characterization of CALR in [1].
In section 3 eigenvalues and eigenfunctions of the NP operator are computed. The
main result and its proof are given in section 4.
2. Neumann-Poincare´ operator and a spectral characterization of CALR.
In this section we review the result in [1] which characterizes the power Eδ in terms
of the spectral data of the Neumann-Poincare´-type operator.
Let B be a bounded simply connected domain in R2 with the Lipschitz boundary
Γ = ∂B. The single layer potential SΓ[ϕ] of a function ϕ ∈ L2(Γ) is defined by
SΓ[ϕ](x) := 1
2π
∫
Γ
ln |x− y|ϕ(y) dσ(y), x ∈ R2.
We also define a boundary integral operator K∗Γ on L2(Γ) by
K∗Γ[ϕ](x) =
1
2π
∫
Γ
〈x − y, ν(x)〉
|x− y|2 ϕ(y) dσ(y), x ∈ Γ.
Here and throughout this paper, ν(x) is the outward unit normal to Γ at x, and 〈 , 〉
denotes the standard inner product in R2. The operator K∗Γ is called the Neumann-
Poincare´ (NP) operator on Γ.
The NP operator is a fundamental object in solving classical Dirichlet (and Neu-
mann) problems (see, for example, [6, 8]). It is known that the spectrum of K∗Γ lies in
(−1/2, 1/2]. If Γ is C1,α for some α > 0, then K∗Γ is compact, and hence the spectrum
is discrete and accumulates at 0. Recently there is revived interest in the spectrum of
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K∗Γ in connection with plasmonics. The dielectric constant ǫ of the domain B is called
a plasmonic eigenvalue if (ǫ+1)/2(ǫ− 1) is an eigenvalue of K∗Γ. We emphasize that ǫ
must be negative in order for (ǫ+1)/2(ǫ−1) to lie in (−1/2, 1/2], which reflects that B
is negative dielectric material. (See [7] and references therein.) It is worth mentioning
that conventionally 2/λ is called a Fredholm eigenvalue if λ is an eigenvalue of the
NP operator.
The problem (1.3) involves two interfaces: Γi := ∂D and Γe := ∂Ω. Let H =
L2(Γi)×L2(Γe) and H0 = L20(Γi)×L20(Γe) where L20(Γi) is the space of L2-functions
with the mean zero. The solution Vδ to (1.3) can be represented as
Vδ(x) = F (x) + SΓi [ϕi](x) + SΓe [ϕe](x), x ∈ R2 (2.1)
for a pair of potentials (ϕi, ϕe) ∈ H0, where F is the Newtonian potential of the
source term f in (1.3), i.e.,
F (x) =
1
2π
∫
R2
ln |x− y|f(y)dy, x ∈ R2. (2.2)
It then follows from the continuity of the flux along interfaces that (ϕi, ϕe) satisfies
(zδI +K
∗)
[
ϕi
ϕe
]
= g, (2.3)
where
zδ =
iδ
2(2− iδ) , g =
[
∂F
∂νi
− ∂F∂νe
]
, (2.4)
and the operator K∗ is defined by
K
∗ :=

 −K
∗
Γi −
∂
∂νi
SΓe
∂
∂νe
SΓi K∗Γe

 . (2.5)
Here and for the rest of this paper νi and νe stand for the outward normal to Γi and
Γe, respectively. This operator K
∗ : H → H is the Neumann-Poincare´-type operator
associated with the interface problem (1.3) (with two interfaces Γi and Γe).
Define the operator S : H → H by
S =
[SΓi SΓe
SΓi SΓe
]
. (2.6)
It is helpful to make a comment on the operators on the off-diagonal in (2.5) and
(2.6). For example, the operator SΓe on the upper right corner in (2.6) is an operator
from L2(Γe) into L
2(Γi). It is proven in [1] (see also [7]) that −S is positive-definite
on H0 and K∗ is self-adjoint (and compact assuming that Γi and Γe are C1,α for some
α > 0) on H0 equipped with the inner product
〈ϕ, ψ〉S := −〈ϕ, S[ψ]〉, ϕ, ψ ∈ H0. (2.7)
Suppose kerK∗ = {0} and let λ1, λ2, . . . (|λ1| ≥ |λ2| ≥ . . .) be the nonzero
eigenvalues of K∗ and Ψn be the corresponding eigenfunctions normalized so that
〈Ψm,Ψn〉S = δmn
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where δmn is the Kronecker’s delta. Then one can see easily that[
ϕi
ϕe
]
=
∑
n
〈g,Ψn〉S
λn + zδ
Ψn. (2.8)
The following spectral characterization is proved in [1]:
Eδ ≈ δ
∑
n
|〈g,Ψn〉S|2
λ2n + δ
2
. (2.9)
Here a(δ) ≈ b(δ) means that there exist positive constants C1 and C2 independent of
δ such that
C1a(δ) ≤ b(δ) ≤ C2a(δ).
3. Spectrum of the NP operator on confocal ellipses. The elliptic coor-
dinates (ρ, ω) for x = (x1, x2) in the cartesian coordinates are defined by
x1 = R cosω cosh ρ, x2 = R sinω sinh ρ, ρ > 0, 0 ≤ ω ≤ 2π . (3.1)
For any positive constant ρ0 the set E = {(ρ, ω) : ρ = ρ0} is an ellipse whose foci
are (±R, 0). So the confocal ellipses have the same elliptic coordinates. One can see
easily that the length element and the normal derivative on E are given by
dσ = Ξ dω and
∂
∂ν
= Ξ−1
∂
∂r
, (3.2)
where
Ξ = Ξ(ρ0, ω) := R
√
sinh2 ρ0 + sin
2 ω .
Let E = {(ρ, ω) : ρ = ρ0}. It is proven in [4] that if h is a harmonic polynomial
given by h(x) = cosnω(enρ + e−nρ) in elliptic coordinates for a non-negative integer
n, then
SE [∇h · ν](x) =
{
(αn − 12 )(enρ + e−nρ) cosnω , ρ ≤ ρ0 ,
βne
−nρ cosnω , ρ > ρ0 ,
(3.3)
where
αn =
1
2e2nρ0
and βn =
−e2nρ0 + e−2nρ0
2
. (3.4)
Similarly, if h(x) = sinnω(enρ − e−nρ) , then
SE [∇h · ν](x) =
{
(−αn − 12 )(enρ − e−nρ) sinnω , ρ ≤ ρ0 ,
βne
−nρ sinnω , ρ > ρ0 .
(3.5)
It then follows from the jump formula of the single layer potential, (3.3) and (3.5)
that
K∗E [Ξ−1 cosnω] = αnΞ−1 cosnω and K∗E [Ξ−1 sinnω] = −αnΞ−1 sinnω. (3.6)
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The jump formula of the single layer potential reads
∂
∂ν
SE [ϕ]
∣∣∣
−
(x) =
(
−1
2
I +K∗E
)
[ϕ](x), x ∈ E ,
where the subscript − indicates the limit from the interior of E.
The formula (3.6) immediately yields the following lemma.
Lemma 3.1. αn and −αn (n = 0, 1, 2, . . .) in (3.4) are eigenvalues of the NP
operator K∗E on the ellipse E = {(ρ, ω) : ρ = ρ0} and corresponding eigenfunctions
are Ξ(ρ0, ω)
−1 cosnω and Ξ(ρ0, ω)
−1 sinnω, respectively.
We now assume ∂D and ∂Ω are confocal ellipses whose common foci are denoted
by (±R, 0). Suppose that ∂D = Γi and ∂Ω = Γe are given by
Γi = {(ρ, ω) : ρ = ρi} and Γe = {(ρ, ω) : ρ = ρe} .
It is convenient to use the following notation: for k = i, e and n = 0, 1, 2, . . .
φckn (ω) := Ξ(ρk, ω)
−1 cosnω, φskn (ω) := Ξ(ρk, ω)
−1 sinnω. (3.7)
In view of (3.2), formula (3.3) and (3.5) can be rewritten, respectively, as
SΓk [φckn ](x) =


−e
nρ + e−nρ
2nenρk
cosnω , ρ ≤ ρk ,
−e
nρk + e−nρk
2nenρ
cosnω , ρ > ρk ,
(3.8)
and
SΓk [φskn ](x) =


−e
nρ − e−nρ
2nenρk
sinnω , ρ ≤ ρk ,
−e
nρk − e−nρk
2nenρ
sinnω , ρ > ρk ,
(3.9)
for k = i, e. So, we have
∂
∂νi
SΓe [φcen ] = −
enρi − e−nρi
2enρe
φcin ,
∂
∂νe
SΓi [φcin ] =
enρi + e−nρi
2enρe
φcen ,
∂
∂νi
SΓe [φsen ] = −
enρi + e−nρi
2enρe
φsin ,
∂
∂νe
SΓi [φsin ] =
enρi − e−nρi
2enρe
φsen .
From these formula together with (3.6) we obtain
K
∗
[
aφcin
bφcen
]
=
[
φcin 0
0 φcen
]
A
[
a
b
]
, K∗
[
aφsin
bφsen
]
=
[
φsin 0
0 φsen
]
B
[
a
b
]
, (3.10)
where
A =

 −
1
2e2nρi
enρi − e−nρi
2enρe
enρi + e−nρi
2enρe
1
2e2nρe

 , B =


1
2e2nρi
enρi + e−nρi
2enρe
enρi − e−nρi
2enρe
− 1
2e2nρe

 .
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Here a and b are constants. We first observe from (3.10) that since A and B are non-
singular, kerK∗ = {0}. One can easily see that eigenvalues of the matrices A and B
are those of K∗, and corresponding eigenfunctions can be computed using eigenvectors
of A and B. By computing eigenvalues and eigenvectors of A and B, the following
lemma is obtained.
Lemma 3.2. The eigenvalues of K∗ are ±λ1,n and ±λ2,n (n = 0, 1, 2, . . .) where
λ1,n =
1
4
(
e−2nρe − e−2nρi −
√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi)
)
,
λ2,n =
1
4
(
e−2nρe − e−2nρi +
√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi)
)
,
and eigenfunctions (not normalized) corresponding to λ1,n,−λ1,n, λ2,n,−λ2,n are, re-
spectively,
Ψ1+n =
[
a1,nφ
ci
n
bnφ
ce
n
]
, Ψ1−n =
[
bnφ
si
n
a2,nφ
se
n
]
, Ψ2+n =
[
a2,nφ
ci
n
bnφ
ce
n
]
, Ψ2−n =
[
bnφ
si
n
a1,nφ
se
n
]
,
(3.11)
where
a1,n = e
−2nρe + e−2nρi +
√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi),
a2,n = e
−2nρe + e−2nρi −
√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi),
bn = −2e−n(ρe−ρi)(1 + e−2nρi).
The formula (3.3) and (3.5) show that
− S
[
aφcin
bφcen
]
=


coshnρi
nenρi
coshnρi
nenρe
coshnρi
nenρe
coshnρe
nenρe

[a cosnω
b cosnω
]
, (3.12)
and
− S
[
aφsin
bφsen
]
=


sinhnρi
nenρi
sinhnρi
nenρe
sinhnρi
nenρe
sinhnρe
nenρe

[a sinnω
b sinnω
]
. (3.13)
So, one can see from straight-forward calculations that Ψ1±n ,Ψ
2±
n , n = 1, 2, . . ., are
orthogonal to each other with respect to the inner product 〈 , 〉S, and
〈Ψ1+n ,Ψ1+n 〉S =
π
n
(
a21,ne
−nρi coshnρi + 2a1,nbne
−nρe coshnρi + b
2
ne
−nρe coshnρe
)
,
〈Ψ1−n ,Ψ1−n 〉S =
π
n
(
b2ne
−nρi sinhnρi + 2a2,nbne
−nρe sinhnρi + a
2
2,ne
−nρe sinhnρe
)
,
〈Ψ2+n ,Ψ2+n 〉S =
π
n
(
a22,ne
−nρi coshnρi + 2a2,nbne
−nρe coshnρi + b
2
ne
−nρe coshnρe
)
,
〈Ψ2−n ,Ψ2−n 〉S =
π
n
(
b2ne
−nρi sinhnρi + 2a1,nbne
−nρe sinhnρi + a
2
1,ne
−nρe sinhnρe
)
.
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We now take a close look at the asymptotic behavior of eigenvalues as n tends
to ∞. If Γe and Γi are sufficiently close to each other so that ρe − ρi ≤ 2ρi, then
the asymptotic behavior of λn is dominated by the term involved with ρe − ρi. More
precisely, we have√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi) = 2e−n(ρe−ρi) + o(e−n(ρe−ρi)).
It then follows that
λ1,n ∼ −e−n(ρe−ρi) and λ2,n ∼ e−n(ρe−ρi) , (3.14)
where pn ∼ qn means that there are positive constants C1, C2, and N such that
C1qn ≤ pn ≤ C2qn
for all n ≥ N . We also have
a1,n ∼ e−n(ρe−ρi), a2,n ∼ −e−n(ρe−ρi), bn ∼ −e−n(ρe−ρi). (3.15)
On the other hand, if 2ρi < ρe − ρi, we have√
(e−2nρe − e−2nρi)2 + 4e−2n(ρe−ρi) = e−2nρi + 2e−2n(ρe−2ρi) + o(e−2n(ρe−2ρi)),
so that
λ1,n ∼ −e−2nρi , λ2,n ∼ e−2n(ρe−2ρi) , (3.16)
and
a1,n ∼ e−2nρi , a2,n ∼ −e−2n(ρe−2ρi), bn ∼ −e−n(ρe−ρi). (3.17)
Using (3.15) and (3.17), we obtain the following lemma.
Lemma 3.3.
(i) If ρe ≤ 3ρi, then
〈Ψ1±n ,Ψ1±n 〉S, 〈Ψ2±n ,Ψ2±n 〉S ∼ n−1e−2n(ρe−ρi). (3.18)
(ii) If ρe > 3ρi, then
〈Ψ1+n ,Ψ1+n 〉S, 〈Ψ2−n ,Ψ2−n 〉S ∼ n−1e−4nρi , (3.19)
and
〈Ψ1−n ,Ψ1−n 〉S, 〈Ψ2+n ,Ψ2+n 〉S ∼ n−1e−2n(ρe−ρi). (3.20)
4. CALR on confocal ellipses. We now assume that the source f is located
outside Ω. Let us write the Newtonian potential of f as
F (x) = c−
∑
n≥1
(F+n cosnω coshnρ+ F
−
n sinnω sinhnρ) , (4.1)
where c and F±n are constants. Note that the series on the right-hand side converges
in 0 < ρ < ρ0 if and only if the coefficients F
±
n satisfies
lim sup
n→∞
|F±n |1/n ≤ e−ρ0 . (4.2)
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Since the source f is located outside Ω and hence the series converges in 0 < ρ < ρe,
we infer that
lim sup
n→∞
|F±n |1/n ≤ e−ρe . (4.3)
We now introduce a gap condition on {F±n } for confocal ellipses in analogy with
the case of concentric disks or spheres in [1, 2, 3]. The sequence F±n is said to satisfy
the gap condition GC[ρ∗] for some constant ρ∗ if
GC[ρ∗]: there exists a sequence {nk} with n1 < n2 < · · · such that
lim
k→∞
e−(nk+1−nk)(ρe−ρi)e2nkρ∗(|F+nk |2 + |F−nk |2) =∞. (4.4)
The following is the main theorem of this paper.
Theorem 4.1. Let f be the source function supported in R2 \ Ω and F be the
Newtonian potential of F . Let
ρ∗ =


3ρe − ρi
2
if ρe ≤ 3ρi,
2(ρe − ρi) if ρe > 3ρi.
(4.5)
(i) If F does not extend as a harmonic function in {ρ < ρ∗}, then
lim sup
δ→0
Eδ =∞ (4.6)
and there is C independent of δ such that
|Vδ(x)| ≤ C (4.7)
for all x satisfying ρ ≥ ρ0 provided that ρ0 > 2ρe − ρi if ρe ≤ 3ρi and
ρ0 > 3ρe − 4ρi if ρe < 3ρi. So weak CALR takes place.
(ii) If, in addition, the coefficients F±n of F in (4.1) satisfy GC[ρ∗], then CALR
takes place, i.e.,
lim
δ→0
Eδ =∞. (4.8)
(iii) If f is supported outside ρ∗ (so that F extends as a harmonic function in
{ρ ≤ ρ∗}), then there is a constant C such that
Eδ ≤ C (4.9)
for all δ.
Before proving Theorem 4.1 we make a few remarks on the condition GC[ρ∗]. As
pointed out in [1], it is a condition on the gap (nk+1−nk) among nonzero coefficients
F±n . If nonzero coefficients are too sparse and the gap between them increases, GC[ρ∗]
may fail. But the condition is satisfied by many source functions. For example, if f
is a dipole source, i.e., f(x) = a · ∇δx0(x) for some x0, then its Newtonian potential
is given by
F (x) = a · ∇xG(x− x0)
where G(x − x0) = 12π ln |x − x0|. Using (3.3) and (3.5), one can see that G(x − x0)
admits the expansion
G(x− x0) = c−
∑
n≥1
e−nρ0
nπ
(cosnω0 cosnω coshnρ+ sinnω0 sinnω sinhnρ) (4.10)
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for x = (ρ, ω) and x0 = (ρ0, ω0) with ρ < ρ0. So F satisfies GC[ρ∗] if ρ0 < ρ∗, namely,
the source x0 is located inside ρ∗.
Proof of Theorem 4.1. We only provide a proof for the case ρe ≤ 3ρi. The other case
can be proved without a major change.
Thanks to (3.2), we have
∂F
∂νi
=
∑
n≥1
(nF+n sinhnρiφ
ci
n + nF
−
n coshnρiφ
si
n )
and
∂F
∂νe
=
∑
n≥1
(nF+n sinhnρeφ
ce
n + nF
−
n coshnρeφ
se
n ).
So, g is given by
g :=
[ ∂F
∂νi
− ∂F∂νe
]
=
∑
n≥1
[
nF+n sinhnρiφ
ci
n
−nF+n sinhnρeφcen
]
+
∑
n≥1
[
nF−n coshnρiφ
si
n
−nF−n coshnρeφsen
]
.
Therefore, we have
〈g,Ψ1+n 〉S =
(
a1,ne
−nρi coshnρi + bne
−nρe coshnρi
)
F+n sinhnρi
− (a1,ne−nρe coshnρi + bne−nρe coshnρe)F+n sinhnρe, (4.11)
〈g,Ψ1−n 〉S =
(
bne
−nρi sinhnρi + a2,ne
−nρe sinhnρi
)
F−n coshnρi
− (bne−nρe sinhnρi + a2,ne−nρe sinhnρe)F−n coshnρe, (4.12)
〈g,Ψ2+n 〉S =
(
a2,ne
−nρi coshnρi + bne
−nρe coshnρi
)
F+n sinhnρi
− (a2,ne−nρe coshnρi + bne−nρe coshnρe)F+n sinhnρe, (4.13)
〈g,Ψ2−n 〉S =
(
bne
−nρi sinhnρi + a1,ne
−nρe sinhnρi
)
F−n coshnρi
− (bne−nρe sinhnρi + a1,ne−nρe sinhnρe)F−n coshnρe. (4.14)
With the aid of (3.15), the identities (4.11)-(4.14) yield
〈g,Ψ1+n 〉S ∼ F+n enρi , 〈g,Ψ1−n 〉S ∼ F−n enρi ,
〈g,Ψ2+n 〉S ∼ F+n enρi , 〈g,Ψ2−n 〉S ∼ −F−n enρi . (4.15)
By (2.8) and Lemma 3.2, we have
[
ϕi
ϕe
]
=
∑
k=1,2
∑
n
[
〈g,Ψk+n 〉S
(λk,n + zδ)〈Ψk+n ,Ψk+n 〉S
Ψk+n +
〈g,Ψk−n 〉S
(−λk,n + zδ)〈Ψk−n ,Ψk−n 〉S
Ψk−n
]
.
We thus have from (3.11)
|SΓi [ϕi](x)| ≤
∑
k=1,2
∑
n
∣∣∣∣∣ ak,n〈g,Ψ
k+
n 〉S
(λk,n + zδ)〈Ψk+n ,Ψk+n 〉S
SΓi [φcin ](x)
∣∣∣∣∣
+
∑
k=1,2
∑
n
∣∣∣∣∣ bn〈g,Ψ
k−
n 〉S
(−λk,n + zδ)〈Ψk−n ,Ψk−n 〉S
SΓi [φsin ](x)
∣∣∣∣∣ . (4.16)
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Note that
| ± λk,n + zδ| =
√(
±λk,n − δ
2
2(4 + δ2)
)2
+
δ2
(4 + δ2)2
≈ |λk,n|+ δ (4.17)
for all n. It thus follows from (3.14), (3.15), (3.18) and (4.15) that
|SΓi [ϕi](x)| ≤ C
∑
n
nen(2ρe−ρi)
(∣∣F+n SΓi [φcin ](x)∣∣+ ∣∣F−n SΓi [φsin ](x)∣∣) .
In view of (3.8) and (3.9), we have
|SΓi [φcin ](x)| + |SΓi [φsin ](x)| ≤ Cn−1en(ρi−ρ)
if ρ > ρi. So, we have
|SΓi [ϕi](x)| ≤ C
∑
n
e2nρee−nρ(|F+n |+ |F−n |) (4.18)
for ρ > ρi.
Similarly we have, for ρ > ρe,
|SΓe [ϕe](x)| ≤
∑
k=1,2
∑
n
∣∣∣∣∣ bn〈g,Ψ
k+
n 〉S
(λk,n + zδ)〈Ψk+n ,Ψk+n 〉S
SΓe [φcen ]
∣∣∣∣∣
+
∑
k=1,2
∑
n
∣∣∣∣∣
akˆ,n〈g,Ψk−n 〉S
(−λk,n + zδ)〈Ψk−n ,Ψk−n 〉S
SΓe [φsen ]
∣∣∣∣∣
≤ C
∑
n
(|F+n |+ |F−n |)en(3ρe−ρi)e−nρ. (4.19)
Here kˆ = 1 if k = 2 and kˆ = 2 if k = 1.
By (2.1), (4.3), (4.18), and (4.19) we conclude that
|Vδ(x)| ≤ |F (x)| + |SΓi [ϕi](x)|+ |SΓe [ϕe](x)| < C
regardless of δ for any ρ ≥ ρ0 with ρ0 > 2ρe − ρi.
Next we investigate the behavior of Eδ as δ → 0. The formula (2.9) takes the
form
Eδ ≈ δ
∑
k=1,2
∞∑
n=1
1
λ2k,n + δ
2
( |〈g,Ψk+n 〉S|2
〈Ψk+n ,Ψk+n 〉S
+
|〈g,Ψk−n 〉S|2
〈Ψk−n ,Ψk−n 〉S
)
. (4.20)
Substituting (3.14), (3.18), and (4.15) into this formula yields
Eδ ≈
∞∑
n=1
δne2nρe((F+n )
2 + (F−n )
2)
e−2n(ρe−ρi) + δ2
. (4.21)
Now we employ an argument similar to the one in [1] to determine if CALR takes
place for given f . Let ρ∗ be the number defined by (4.5) and suppose that F does
not extend as a harmonic function in {(ρ, ω) : ρ < ρ∗}. Then by (4.2), we have
lim sup
n→∞
|F+n |1/n > e−ρ∗ or lim sup
n→∞
|F−n |1/n > e−ρ∗ .
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So, there is a subsequence, say {nk}, such that
e2nkρ∗((F+nk)
2 + (F−nk)
2) ≥ 1 (4.22)
for all k. Let δk = e
−nk(ρe−ρi) for k = 1, 2, . . .. Then, we have
Eδk ≈
∞∑
n=1
δkne
2nρe((F+n )
2 + (F−n )
2)
e−2n(ρe−ρi) + δ2
≥ δknke
2nk(2ρe−ρi)
2
((F+k )
2 + (F−k )
2)→∞
as k →∞. Thus (4.6) holds.
Suppose that F±n satisfies GC[ρ∗] and {nk} be the subsequence appearing in the
condition. For δ → 0, let k(δ) be the number such that
nk(δ) ≤ −
ln δ
ρe − ρi < nk(δ)+1.
Then, we have
δ > e−nk(δ)+1(ρe−ρi),
and hence
Eδ ≈
∞∑
n=1
δne2nρe((F+n )
2 + (F−n )
2)
e−2n(ρe−ρi) + δ2
≥
δnk(δ)e
2nk(δ)ρe((F+nk(δ))
2 + (F−nk(δ) )
2)
e−2nk(δ)(ρe−ρi)
≥ nk(δ)e−(nk(δ)+1−nk(δ))(ρe−ρi)e2nk(δ)ρ∗(|F+nk(δ) |2 + |F−nk(δ) |2)→∞
as δ → 0. This proves (ii).
If the source f is located outside ρ∗, then its Newtonian potential F is harmonic
in a neighborhood of {(ρ, ω) : ρ ≤ ρ∗}, and hence
lim sup
n→∞
|F±n |1/n ≤ e−ρ∗−ǫ
for some ǫ > 0. Thus it follows from (4.21) that
Eδ ≤ C
∞∑
n=1
ne2nρ∗((F+n )
2 + (F−n )
2) <∞.
This completes the proof.
REFERENCES
[1] H. Ammari, G. Ciraolo, H. Kang, H. Lee and G.W. Milton, Spectral theory of a Neumann-
Poincare´-type operator and analysis of cloaking due to anomalous localized resonance,
Arch. Rat. Mech. Anal., 208 (2013), 667-692.
[2] H. Ammari, G. Ciraolo, H. Kang, H. Lee, and G.W. Milton, Anomalous localized resonance
using a folded geometry in three dimensions, Proc. R. Soc. A 469 (2013), 20130048.
[3] H. Ammari, G. Ciraolo, H. Kang, H. Lee and G.W. Milton, Spectral theory of a Neumann-
Poincare´-type operator and analysis of anomalous localized resonance II, submitted, arXiv
1212.5066.
[4] H. Ammari, H. Kang, and H. Lee, A boundary integral method for computing elastic moment
tensors for ellipses and ellipsoids, J. Comp. Math. 25 (1) (2007), 2-12.
[5] J.-W. Dong, H.H. Zheng, Y. Lai, H.-Z. Wang, and C.T. Chan, Metamaterial slab as a lens, a
cloak, or an intermediate, Phys. Rev. B 83 (2011), 115124.
12
[6] G.B. Folland, Introduction to Partial Differential Equations, Princeton University Press, Prince-
ton, NJ, 1976.
[7] H. Kang, Layer potential approaches to interface problems, Inverse problems and imaging,
Panoramas et Syntheses, Societe Mathematique de France, to appear.
[8] D. Khavinson, M. Putinar, and H.S. Shapiro, Poincare´’s variational problem in potential theory,
Arch. Ration. Mech. Anal. 185 (2007), 143–184.
[9] R.V. Kohn, J. Lu, B. Schweizer, and M.I. Weinstein, A variational perspective on cloaking by
anomalous localized resonance, preprint, arXiv:1210.4823.
[10] G.W. Milton and N.-A.P. Nicorovici, On the cloaking effects associated with anomalous local-
ized resonance, Proc. R. Soc. A 462 (2006), 3027–3059.
[11] N.-A.P. Nicorovici, R.C. McPhedran, and G.W. Milton, Optical and dielectric properties of
partially resonant composites, Phys. Rev. B 49 (1994), 8479–8482.
[12] M. Xiao, X. Huang, J.-W. Dong, and C. T. Chan, On the time evolution of the cloaking effect
of a metamaterial slab, Opt. Lett. 37 (2012), 4594–4596.
13
